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Abstract—The problem of an elastic solid containing a semi-infinite plane crack subjected to concentrated
shears parallel to the edge of the crack is considered in this paper. A closed form solution using four harmonic
functions is found to satisfy the finite displacement and inverse square root stress singularity at the edge of the
crack. Explicit expressions in terms of elementary functions are given for the distribution of stress and displace-
ment in the solid. These are obtained by employing Fourier and Kontorovich-Lebedev integral transforms and
certain singular solutions of Laplace equations in three dimensions. The variations of the intensity of the local
stress field along the crack border are shown graphically.

INTRODUCTION

THE solution to the problem of concentrated normal and shear forces applied to the
surfaces of a semi-infinite plane crack serves as the Green’s function for a number of crack
problems of interest in fracture mechanics. A sketch of the crack configuration is shown
in Fig. 1. In terms of the coordinates indicated, the surfaces of the crack are defined by
0=Fn0<r <o, —w < z< . Without affecting the generality of the problem, the
points of application of the loads may be taken asr = a,8 = F =,z = 0. Because of skew-
symmetry, it suffices to consider a half-space y > 0 with mixed conditions specified on
the plane y = 0. It was Uflyand [1] who made the first attempt to solve this problem by
using only three harmonic functions in the space y > 0 and the Kontorovich-Lebedev
integral transform in the variable r. The fourth function in the classical Papkovich—
Neuber representation of the displacement field was arbitrarily neglected. This technique
has failed to yield a solution for the case of two equal and opposite forces R directed
parallel to the edge of the crack ([1], page 382).

The objective of this paper is to construct the Green’s function for the three-dimensional
crack problem under consideration. The analysis showed that four distinct harmonic
functions are required to satisfy the finite displacement and the inverse square root of r
conditions as r — 0. The state of displacement and stress throughout the solid is deter-
mined in closed form in terms of elementary functions. These are obtained by employing
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Fi1c. 1. Semi-infinite plane crack in elastic solid.

a Fourier transform in the variable z, Kontorovich-Lebedev transform in r and singular
solutions of the Laplace equation in three dimensions [2]. The stress-intensity factors due
to the loading R are determined explicitly and their variations along the crack border are
shown graphically.

BASIC EQUATIONS

_The equilibrium of an isotropic and homogeneous solid is governed by the Navier
displacement equations which in the absence of body forces and in vector notations appear
as

1
Viua+——VV.u=0 1
u+1_2v u (1)

where u is the displacement vector, V is the gradient operator and v designates Poisson’s
ratio of the material. Denoting the projections of the displacement in the directions of
cylindrical co-ordinates by (u,, u,, u.), the Papkovich—-Neuber general representation of

equations (1) gives the displacement field

u, = 41— v){(f, cos 0+ f, sin 9)—%§ (2a)

ug = 41 —v)(f, cos @ —f sin 6)—% %g (2b)

u, = H1-v)f3 _oF (2¢)
2z

in which the following abbreviation has been introduced

F = fo+(rcos8)f,+(rsin8)f,+zf; (3)
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and f,(r,0,2),n =0, 1, 2, 3, are space harmonic functions. The corresponding stress field
is readily obtained from equations (2) and (3) and the usual stress-displacement relations
in linear elastostatics. In particular the stresses associated with the 6-plane are found:

99 _ _ i of; 2(1—") 6_fg . 5f1 6f3
5}1 = —(1 2v)(cos@a +sin ar) . (cos 30 sin 0 +2v
#fo 2fo 1 o*fy 0%y 2f3 2%
+ =5 32 + —{cos "é@'z““'”s 9562 +z o (4a)
Yo _ G 2(1""’) af ofs
Sl 4b
% ér | cos 969+5m686 {4b)
w06 21-v) s (40)

2 Oz ro o8’

In equations (4), u depicts the shear modulus of the solid and the function G(r, 8, z) is
defined through the relation

= (1-2v)(f;cos0—f, sm@)—— ———( FIPTE (5)

. 0f; zd0
f 1] f hes S sin 0 f 2 f 3
0
The remaining stress components «,, o, and 1,, are not needed for the mere purpose of
completing the analysis and will not be mentioned.

THE PLANE CRACK PROBLEM

Consider the case of a pair of equal and opposite concentrated shear forces R applied
to the surfaces of a plane as shown in Fig. 1 (with P = Q = 0). For this problem, the
displacements and stresses are skew-symmetric with respect to the variable z. Hence,
u,, Ug, oo and t,o are odd in z while u, and 1,, are even in the same variable. In addition,
the deformed solid also exhibits skew-symmetry in the co-ordinate 6, namely u,, u_, o,
being odd in 6 and u,, 1,4, 74, €ven in 4. The latter condition suggests that the problem can
be formulated for the upper half-space y > 0 with appropriate conditions prescribed on
the planes 8 = 0 and # = n. In observing these conditions, the continuity of the solid
across the plane § = 0 implies

u(r,0,z2) =0 (6a)
uz(rv Oa Z) =0 (6b}
og(r,0,2) = 0. (6¢)

On the upper surface of the crack @ = =, the loading is described by

T()z(r’ T, Z) = To(", Z) (73.)
Tr 7, 2) =0 (7b)

oo(r,m,2) =0 (7¢)
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in which t,(r, z) is a specified function describing the applied shear loading. Aside from the
requirements given by equations (6) and (7), the regularity conditions at infinity must also
be satisfied, i.e., the displacements and stresses must behave as L™ ! and L™ 2 when

= (r’+z%)* - 0.

Furthermore, near the crack boundary (r — 0), the displacements must be finite and the
stresses are expected to have the usual square root singularity, r~*.

Inserting relations (6) into equations (2a), (2c) and (4a) and making use of equation (3),
the functions f, (n = 0, 1, 2, 3) can be determined from the following system of equations in
the region § = 0

0 ) G,
(3—4v) —5{9— %—z% =0 (8a)
o _of s _
(B—4v)fi— FPLA P =0 (8b)
afl —v) 0f, afs 2fo 2fo 1 azfl 0*fs 2f3 N
(1=2v E““ P A P I S T = =0 ()
Upon recognizing the identity
182 d 62 62
equations (8) are satisfied by requiring
Jo(r,0,2) = 0 (10a)
fi(r,0,2) =0 (10b)
f3(r,0,2) =0 (10c)
aJ;Z(r 0,z) = 0. (10d)

In a similar manner, conditions (7) when used in conjunction with equation (4), give rise to
the following relations for § = =, ie.,

0G 2(1—v) % _ 1o(r, 2)

w2 M9

G 2(1—v) 6f1 _
or r 0 =0 (11b)

ofi 2Al—v)ofs ofs | %fo %Mo 1%, _az_ ﬁ _
(1—2‘)6’.— ” -%+ y—== +02+8z +r 302 26r2+622 f3=0 (11¢)

where G can be found from

19f, of, z@
G=—(1—2v)f2—;~a%+~a%—;é—fg, 0=r. (12)
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Further simplification may be achieved by setting

G =0, 8= {13)

On account of equation (13}, it follows that

&G  IG

el = 14

oz  or ’ 0=n (14)
and as an immediate consequence, equations (11a) and (11b) yield the crack-surface
conditions of .2

i

A . § =1 16

a0 =% “ (16)

Equations (15) and (16) together with equations (10b) and (10c) provide the necessary
relations for the evaluation of f; and f;. The remaining functions f, and f, are obtained
from equations (11c), (13), (15), (16) and the fact that the loading is applied at the point
r = a, z = a This yields

(1-20)f,—22=0, O=n. (17

From equations {10a) and (10d), it is not difficult to verify that

0 v o] _ _
a&b&ﬂﬁ @J_Q 9 =0. (18)

The mixed conditions (17) and (18) provide a relation between the potentials f, and
0fo/0y which is given in equation (30). The next step in the analysis is to derive a second
relation between the same potentials. This may be accomplished by using equations {1 1¢)
and (10). Utilizing the identities

o__9o0 10 _29
ar X r o8 d
0=mn (19)
82 az 52
T o
equation {1 1c) can be transformed into
afs oy, Ofs e Pfy 2y
S WG S [ T W SV, SVRe - SA - SV Y S = 1. )
2(1 V)ay (1 2v)ax+2laz 5y? 3y o0 25y2 0, 0=n (20)

At this point, it is expedient to add the term [y(8*f5/8y 8z)) (which vanishest in the region
8 = n) to both sides of equation (20). The resulting relation takes the form

0 fe Oft  Ofs  Ofs Y lofy [0fs _ _
@[2(1*‘l)fz-‘-a}“'—@'f'}’a:-zl-a;:"{l*zv}fm(é;—}‘g‘) dy} = {, 6= (21)

+ The second derivative of f; is assumed to be regular for @ = x. This condition, incidentally, is easily con-
firmed once the potential f; is known. Refer to equation (26}
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The above limits of integration have been introduced to ensure boundedness at the in-
finitely distant points.

With reference to the region § = 0 and making use of some elementary transformations
analogous to those in equations (19), equations (10) confirm that the relation (21) is also
valid in the region 8 = 0. This means that equation (21) holds across the entire plane
y = 0 of the half space y > 0. The expression inside the bracket in equation (21) is recog-
nized as a harmonic function. It follows from Green’s formula [3] that

ofo _ 0fi | _0fs 0fa f” 0fy  0fs

20=vfa— 3y 60+Za ya +(1=2v) 3} Tl yz0 (22
exists throughout the entire semi-infinite solid y > 0. Equation (22} provides the second
equation for finding f, and f,.

METHOD OF SOLUTION

In this section the potentials appearing in the basic displacement representation are
determined by employing methods of integral transforms and singular {primitive) solutions
of Laplace’s equation [2].

The function f3(r, 8, z) is governed by the mixed conditions (10c) and (15). This calls
for the application of a Fourier cosine transform with respect to the variable z and a
Kontorovich-Lebedev transformt in r [1]. Seeking fy(r, 6, z) by the expression

fi= ( ) f J o(s, t STh 0t) K, (rs) cos(sz) ds dt (23)

t cosh(mt)

where K, is the Macdonald function [4] and ¢(s, t) is an arbitrary parameter such that
equation (10c) is satisfied. By introducing the appropriate inversions and accounting for
the concentrated load at (r = q,z = 0), ¢(s, t) is determined from equation (15) as

Rt sinh(nt}K ,(as).

ofs, t) = "W- (24)
Inserting equation {24) into (23) and employing the integral representation [4]
KulrsK fas) = | Kofs) costen) dn s)
0

where
& = (r*+2ar cosh n+a*)

and K is the modified Bessel functions of zero order, the integrals in equations (23) may
now be evaluated to render
Yalr —
JR2alr X)]) (26)

P

R

f(r,6,2) = Zﬁm_nz(l e tan"(

where p represents the distance of any point in y > 0 from the point of application of R,
iLe.,
p = [(x+aP+y*+z2 2N

t See Appendix for brief outline of this transform.
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The evaluation of f,(r, 8, z) is dictated by the “homogeneous’’ conditions (10b) and
(16) and is governed by the Laplace equation in three dimensions. However, the choice
f1 = Ois inappropriate as it does not lead to the correct solution (see [1], pages 381-383).
This, in fact, is the crucial step in the present analysis and allows the solution to be com-
pleted through the use of four harmonic potentials. In order to arrive at the proper ex-
pression for f;, a singular solution of Laplace equation which satisfies conditions (10b)
and (16) and gives rise to well-behaved displacements at infinity is proposed [2]

in 6/2
11,0, = € “ L It 28)

where Im designates the imaginary part of an analytic function of the variable { defined
by

{=r+a+iz, i=.-1 (29)

and ¢, is a constant introduced for convenience of writing the ensuing development. Note
that as r — 0, the expression (28} is undefined. On physical ground, however, the displace-
ments must be finite in that region. This condition will be improved later on.

To find the other potentials f; and f,, equations (17) and (18) suggest the following
relation involving the special solution introduced in (28), i.e,,

0
(1—20)f,— af 0 2 C"f/ 2 Im{e (). (30)

In equations (28) and (30) the function g({) as well as the constants ¢, and 4 are yet to be
found. Solving equations (22) and (30) simultaneously and utilizing equations (26) and (28)
yield

R./a 1 } cos /2
L= {4“ 21—y 5[(3_4‘)C1“A]} Jr Im[g(0)]

n6/2

+(1—2v){¢f(x, y,2)—¢; \/ Im[g(0)] dy} (31a)

and
aofy _ fa 2v)R\/a
dy | 4un®(1-v)

0/2
C‘j/ Im{g()]+ (1—21’)2{¢(x,y,z)-—c s f/zl [g(mdy} (31b)

+3[(1 =2 (3 —4v)c, —2(1 ~ \’)A]}

in which g'({) = (d/d{)g({) and the following notations have been adopted:

R|{, 72 ) 2
Yx, 3, 2) = %{% tan- :(J_Lﬁ{r_‘_x )

—{2a)* Im [Co(2x —lo) *n ( i+ +;2/(2x — C")) ] } (32
hY

{o = [{Jp=0 = x+a+iz
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Integrating equation (31b) with respect to y between the limits co and y and applying the
results

Y cos 072 v g(tydt
Im dy = _sat
N g'(O1dy = W=
' _ R _[y/[2a(r—x)] )
J;C lll(x’ Vs Z) d.V = y‘[/+4un ( ){ tan ( P
—/(2a) Im[(co)-% tan”~ ( o H} (33)
{~{o
9 2 ¥y d d
f J‘ ™ / Im{g©ldy = 2\/2 [ j((;)_ Ctg)-Zy J:V glt) 4, (1= Lo+ 2x)"* dt]

it is found that

__(1=2vR{a |: _% _1( o ) } 3 Y g(t)dt
fo = —an Imj {5 % tan =i, \/2 [(l 2v)e, A]Imfm P

J2atr— x)])

T

+\%Im jy g(t)%(t—f0+2x)”*dt]. (34)

The remaining boundary condition to be satisfied is equation (10a). Imposing this con-
dition on equation (34) results in

® gydt  (1-2vRa _,
o= 2ul—wm °

which is a standard integral equation of the Abel type [5] and thus the function g({) is
readily determined as

[(1—2v)c, — 4] (35)

#0 = ; (36)
provided that
_ _(1=29R{a
(1-2v)c,—A4 = 2l — o (37

The expressions for the potentials f; and f; can be simplified further by defining a constant
¢, via the relation

vR\/a
Cy = 2#"52(1 — v) —v)ey. (38)
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Upon substituting equations (36-38) into equations (31a) and (34) the following expressions

are derived
Rz _ | 2ar)t sin 8/2
— (1 2 1
Jolr, 8,2) = (1-2v) [4}‘?{2(1 Y tan ( , +

+5 1m [\/(r +y(2x_€o)_%In(\/(r+x)+\/(2x-—f§o))} (39)

T2 2x) N
and
filr,8,2) = czcoj/e/zl (%) +(1 —2v){l//(x, ¥, 2)
o [N (\/(r+X)+\/(x-Co) ]}
\/2 Im |:C(2 . (2x—{y) *In \/C (40)

where  is defined in equation (32). The final step in the analysis is to obtain another
expression relating ¢, and ¢,. This may be done by imposing the regularity condition on
the displacements as r -+ 0. Inserting equations (26), (28), (39) and (40) in equations (2) and
(3) and carrying out the expansion for small r, making use of equation (38) and retaining
the lowest-order terms, it is found that the displacements near the crack edge become

¢, +¢, zsin 6/2

U, = — 2\/r =y ———-[3—4v+(7—8v) cos 8]+ 0(r%) (41a)

ci+c, zcos /2

Uy = W @i LT [3—4v—(5—8v) cos 0]+ 0(r°) (41b)
u, = 0(r°). (41¢c)

The finite displacements requirement at the crack edge gives
ci+c, =0. (42}

It follows from equation (38) that

vR\/a 43)

SO R e g

and the solution is complete. The physical quantities of interest may be readily computed
from equations (2}+(5) when the appropriate expressions for the harmonic functions in
equations (26), (28), (39), (40) and (43) are used.

STRESSES NEAR CRACK EDGE

The shear stresses across the surface 8 = 0 are computed from equations {4b) and
{4c) as

_ 4vR\/a z{(x+a)
el 0.2 = =) o+ ay + 27 (44)
0lr,0.5) = ——la_ QoA 4O ) (@4b)

22—v)  (xPF[(x+a)*+2%)?
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Equations (44) may be expressed in the standard form as

7,41, 0, 2) = —2+0(x°) (45a)

\/2

—2 4 0(x°). (45b)

Toer, 0,2) =

\/2

The stress-intensity factors for the edge-sliding and tearing modes of crack extension are
expressed in terms of the non-dimensional parameter z* = z/a through the relations

_ 4JQR|[ v z*

ko= =@ \2—v)(1+z*2)2 (46a)
3 JQR 2v 1-z*2

ks = - n2ai (1427 1m2~—v 1+2z%2 | (46)

The variations of these equations with z* are shown in Figs. 2 and 3 for various values
of v.

vzkzaafz
V2R

1.
Q5

FI1G. 2. Variations of k, along crack border.
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z2/a

Fi1G. 3. Variations of k, along crack border.

CLOSURE

The problem of determining stresses and displacements in a three-dimensional elastic
solid with a semi-infinite plane crack is reduced to the finding of four distinct harmonic
functions. The surfaces of the crack are deformed by the application of concentrated
shears (R) parallel to the rectilinear boundary as shown in Fig. 1. The analysis reveals that
none of the Papkovich-Neuber potentials appearing in the general solution of the
equations of equilibrium can be neglected. Indeed, all of the four functions are needed to
satisfy the appropriate boundary and regularity conditions in the problem.

Methods of integral transforms involving the Macdonald function (the so-called
Kontorovich-Lebedev transforms) as well as singular solutions of Laplace’s equation in
three dimensions are employed. The results presented here coupled with the solutions of
Uflyand [1] complete the construction of the Green’s functions for the semi-infinite crack
problem and pave the way for immediate application in a number of problems of interest
in fracture mechanics.
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APPENDIX
The Kontorovich-Lebedev transform of a function ¢(x) is defined by the formula

o(t) = f: ¢(TX) K, (x)dx, 47
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where ¢(x) is assumed to be of class L? in the interval [0, o] and K,(x) is the Macdonald
function which is a solution of

d’y 1dy 2
a;““;a;'( ‘?)“0' @)

Assuming that [¢(x)]/x is continuously differentiable and x¢(x) and x(d/dx){[¢(x)] /x}
are absolutely integrable in [0, oo] then the inverse of equation (47) is given by

d(x) = % f ) (K (x)t sinh(rt) dt. (49)
o Jo

Further details may be found in [1].
(Received 11 May 1972, revised 14 September 1972)

AbBerpakt—B pabote uccnenyercs 3anada yNpyroro MHBEPTHOTO Tena, B KOTOPOM HaXoAMTCA
nonyGeckoHeuHas IMIOCKas TPELIWHA, TOABEPKEHHAA NEHCTBHIO COCPENOTOYEHHBIX CIABMIOB, Tapan-
NeNibHBIX K Kpalo TPEIMHBL[JaeTcs pelleHre B 3aMKHYTOM BHIE, MCIIONB3YA YEThIPE TAPMOHHYECKHE
dyHkuud. OHO YOOBNETBOPAET KOHEYHOMY MEPEMEILIEHNIO M CHHIYIAPHOCTH B HanpsXeHuH, obpaTno
NIPONOPHUOHANBHON KBaJPaTHOMY KODHIO, Ha Xpaio TpeiuwHbl. [IpHBOASATCH SBHBIE BBIPAXKEHUR B
BHIE 3IEMEHTapHBIX QYHKLMH [/ PacpencicHUs HaNPSKEHUH U nepeMeitieHnii B TeepaomM Tene. Onu
AoJIy4eHbl NyTeM NPUMEHCHHMA HHTETPanbHeIX npeobpasoeanuit dypee ¥ Kautopopuua-JleGenesa u
HEKOTODPBIX CHH-TYIAPHBIX pelieHnil ypaBaennii Jlannaca B Tpex pasmepax. YKa3bl-BaroTCH IpadHyecKn
W3MEHEHHA MHTEHCHBHOCTH 110J18 JIOKaJbHBIX HANPAXKEHUH BAOAL IPAHNLBI TPELUMHEI.



