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Abstract-The problem of an elastic solid containing a semi-infinite plane crack subjected to concentrated
shears parallel to the edge of the crack is considered in this paper. A closed form solution using four harmonic
functions is found to satisfy the finite displacement and inverse square root stress singularity at the edge of the
crack. Explicit expressions in terms of elementary functions are given for the distribution of stress and displace­
ment in the solid. These are obtained by employing Fourier and Kontorovich-Lebedev integral transforms and
certain singular solutions of Laplace equations in three dimensions. The variations of the intensity of the local
stress field along the crack border are shown graphically.

INTRODUCTION

THE solution to the problem of concentrated normal and shear forces applied to the
surfaces of a semi-infinite plane crack serves as the Green's function for a number of crack
problems of interest in fracture mechanics. A sketch of the crack configuration is shown
in Fig. 1. In terms of the coordinates indicated, the surfaces of the crack are defined by
e = =+=n,O < r < 00, - 00 < Z < 00. Without affecting the generality of the problem, the
points of application of the loads may be taken as r = a, e = =+= n, Z = O. Because of skew­
symmetry, it suffices to consider a half-space y ~ 0 with mixed conditions specified on
the plane y = O. It was Uflyand [1] who made the first attempt to solve this problem by
using only three harmonic functions in the space y ~ 0 and the Kontorovich-Lebedev
integral transform in the variable r. The fourth function in the classical Papkovich­
Neuber representation of the displacement field was arbitrarily neglected. This technique
has failed to yield a solution for the case of two equal and opposite forces R directed
parallel to the edge of the crack ([1], page 382).

The objective ofthis paper is to construct the Green's function for the three-dimensional
crack problem under consideration. The analysis showed that four distinct harmonic
functions are required to satisfy the finite displacement and the inverse square root of r
conditions as r -+ O. The state of displacement and stress throughout the solid is deter­
mined in closed form in terms of elementary functions. These are obtained by employing
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FIG.!. Semi-infinite plane crack in elastic solid.

a Fourier transform in the variable z, Kontorovich-Lebedev transform in r and singular
solutions of the Laplace equation in three dimensions [2]. The stress-intensity factors due
to the loading R are determined explicitly and their variations along the crack border are
shown graphically.

BASIC EQUATIONS

The equilibrium of an isotropic and homogeneous solid is governed by the Navier
displacement equations which in the absence of body forces and in vector notations appear
as

2 1
V u +-2-VV . U = 0

1- v
(1)

where u is the displacement vector, V is the gradient operator and v designates Poisson's
ratio of the material. Denoting the projections of the displacement in the directions of
cylindrical co-ordinates by (un Ue, uJ, the Papkovich-Neuber general representation of
equations (1) gives the displacement field

j ' () j' . () ofur = 4(1-1')( 1 cos u+ 2 SIll u)-a;:- (2a)

, () 1 of
u =4(I-v)(f cose-j sinu)--~e . 2 1 r Oe (2b)

. of
u. = 4(1- V)j3 -~2- z

(2c)

in which the following abbreviation has been introduced

F = j~ + (r cos e)fl + (r sin e)f2 + zf3 (3)
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and f,.(r, 0, z), n = 0, 1,2, 3, are space harmonic functions. The corresponding stress field
is readily obtained from equations (2) and (3) and the usual stress-displacement relations
in linear elastostatics. In particular the stresses associated with the O-plane are found:

(
afl. af2) 2(1- V)( af2 . arl) af3-(1-2v) cosO-+smO- +-- cos O--sm 0-'- +2v-ar ar r ao ao az

"Oz aG 2(1-=-+
2J.1. az r

(4a)

(4b)

(4c)

In equations (4), J.I. depicts the shear modulus of the solid and the function G(r, 0, z) is
defined through the relation

The remaining stress components (1z, (1r and "rz are not needed for the mere purpose of
completing the analysis and will not be mentioned.

THE PLANE CRACK PROBLEM

Consider the case of a pair of equal and opposite concentrated shear forces R applied
to the surfaces of a plane as shown in Fig. 1 (with P = Q = 0). For this problem, the
displacements and stresses are skew-symmetric with respect to the variable z. Hence,
Ur, Uo, (10 and "rO are odd in z while Uz and "Oz are even in the same variable. In addition,
the deformed solid also exhibits skew-symmetry in the co-ordinate 0, namely Un U

Z
' (10

being odd in 0 and Uo, "rO' "Oz even in O. The latter condition suggests that the problem can
be formulated for the upper half-space y ~ 0 with appropriate conditions prescribed on
the planes 0 = 0 and 0 = n. In observing these conditions, the continuity of the solid
across the plane () = 0 implies

Ur(r, 0, z) = 0

uz(r, 0, z) = 0

(1o(r, 0, z) = O.

On the upper surface of the crack () n, the loading is described by

"oAr, n, z) = "o(r, z)

"rir, n, z) = 0

(1o(r, n, z) = 0

(6a)

(6b)

(6c)

(7a)

(7b)

(7c)
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in which 'o(r, z) is a specified function describing the applied shear loading. Aside from the
requirements given by equations (6) and (7), the regularity conditions at infinity must also
be satisfied, i.e., the displacements and stresses must behave as L - I and L - 2 when

L = (r2 +z2 )"t ~ 00.

Furthermore, near the crack boundary (r ~ 0), the displacements must be finite and the
stresses are expected to have the usual square root singularity, r--t.

Inserting relations (6) into equations (2a), (2c) and (4a) and making use of equation (3),
the functions f" (n = 0, 1,2,3) can be determined from the following system of equations in
the region 8 = 0

ofo ofl Of3
(3-4v)fl---r--z- = 0

or or or

ofo ofl Of3
(3-4v)f3---r--z- = 0

oz oz oz

_ ofl 2(1- v) Of2 2, Of3 02fo 02fo _~ 02fl (02f3 02f 3) _ 0
(l 2v)ar+ r 08 + t OZ + or2 + OZ2 r 082 +z or2 + OZ2 - .

Upon recognizing the identity

1 02fl ofl ( 0
2

0
2

)
--;: 082 = a;:-+r or2+ OZ2 fl'

equations (8) are satisfied by requiring

fo(r, 0, z) = 0

fl(r, 0, z) = 0

f3(r, 0, z) = 0

Of2
ae-(r, 0, z) = O.

(8a)

(8b)

(8c)

(9)

(lOa)

(lOb)

(lOc)

(lOd)

In a similar manner, conditions (7) when used in conjunction with equation (4), give rise to
the following relations for 8 = n, i.e.,

oG +2(1- v) Of3 = 'o(r, z) (lia)
oz r 08 211

oG 2(1- v) ofl
-----=0
or r 08

where G can be found from

(lib)

(lic)

e = n. (12)
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Further simplification may be achieved by setting

G 0,

On account of equation (13), it follows that

oG = oG = 0
oz '

0=11'.

O=n

(13)

(14)

and as an immediate consequence, equations (lla) and (llb) yield the crack-surface
conditions

(15)
Of3 rro(r, z)

00 4,u(1 - v)'

Ofl = 0 0 (16)of) , = n.

Equations (15) and (l6) together with equations (lOb) and (We) provide the necessary
relations for the evaluation of ft and f3' The remaining functions f o and f2 are obtained
from equations (lIe), (13), (15), (16) and the fact that the loading is applied at the point
r = a, z = a. This yields

0= n.
ofo

(1-2v)f2- oy = 0,

From equations (lOa) and (lOd), it is not difficult to verify that

(17)

(18)0=0.a [ oro]- (1- 2v)f2--' = 0,ay oy
The mixed conditions (17) and (18) provide a relation between the potentials f2 and
afo/ay which is given in equation (30). The next step in the analysis is to derive a second
relation between the same potentials. This may be accomplished by using equations (lIe)
and (10). Utilizing the identities

a
ar

loa
r ao oy

0=11' (19)
a2 02 a2

ar2 +az2 =

equation (lle) can be transformed into

af2 Ofl Of3 02fo 02fl 02f3
2(I-v) oy -(1-2v) ax +2V8~- ay 2 - oyoe- Z ay2 = 0, 0 = n. (20)

At this point, it is expedient to add the term [y(82f3/0Y oz)] (which vanishest in the region
o n) to both sides of equation (20). The resulting relation takes the form

:y[2(1-V)f2-~-~+y~- (1-2v)J:(~+~) dY] 0, 0=11'. (21)

t The second derivative off 3 is assumed to be regular for () = n. This condition, incidentally, is easily con­
firmed once the potentialf3 is known. Refer to equation (26).
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(22)y~O

The above limits of integration have been introduced to ensure boundedness at the in­
finitely distant points.

With reference to the region 0 = 0 and making use ofsome elementary transformations
analogous to those in equations (19), equations (10) confirm that the relation (21) is also
valid in the region 0 = O. This means that equation (21) holds across the entire plane
y = 0 of the half space y ~ O. The expression inside the bracket in equation (21) is recog­
nized as a harmonic function. It follows from Green's formula [3J that

ofo Ofl Of3 Of3 fY (Ofl Of3)2(I-v)f2-- = -+z- y-+(1-2v) -+- dy,
oy 00 oy oz 00 ax oz

exists throughout the entire semi-infinite solid y ~ O. Equation (22) provides the second
equation for finding f2 and fo.

METHOD OF SOLUTION

(23)

(24)</>(s, t)

In this section the potentials appearing in the basic displacement representation are
determined by employing methods of integral transforms and singular (primitive) solutions
of Laplace's equation [2].

The function fir, 0, z) is governed by the mixed conditions (lOc) and (15). This calls
for the application of a Fourier cosine transform with respect to the variable z and a
Kontorovich-Lebedev transformt in r [1]. Seeking f3(r, 0, z) by the expression

(2) t foo foo sinh(Ot)
f3 = - </>(s, t)~---h()Kit(rs) cos(sz) ds dt

n 0 0 t cos nt

where Kit is the Macdonald function [4J and </>(s, t) is an arbitrary parameter such that
equation (lOc) is satisfied. By introducing the appropriate inversions and accounting for
the concentrated load at (r = a, z = 0), </>(s, t) is determined from equation (15) as

Rt sinh(nt)Kit(as).
(2n)tn22Jl(1- v) .

Inserting equation (24) into (23) and employing the integral representation [4J

Kit(rs)Kit(as) = 100

Ko(s~)cos(t'1) d'1 (25)

where

(26)

and K o is the modified Bessel functions of zero order, the integrals in equations (23) may
now be evaluated to render

R _ I (J[2a(r - X)))
f3(r, 0, z) = - 4Jln2(l- v)p tan p

where p represents the distance of any point in y ~ 0 from the point of application of R,
i.e.,

(27)

t See Appendix for brief outline of this transform.
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(28)

The evaluation of It(r, 0, z) is dictated by the "homogeneous" conditions (lOb) and
(l6) and is governed by the Laplace equation in three dimensions. However, the choice
II == 0 is inappropriate as it does not lead to the correct solution (see [1], pages 381-383).
This, in fact, is the crucial step in the present analysis and allows the solution to be com­
pleted through the use of four harmonic potentials. In order to arrive at the proper ex­
pression for II' a singular solution of Laplace equation which satisfies conditions (lOb)
and (16) and gives rise to well-behaved displacements at infinity is proposed [2]

sin el2II (r, e, z) = C I Im[g(()]

where 1m designates the imaginary part of an analytic function of the variable ( defined
by

( = r+a+iz, J-l (29)

and C I is a constant introduced for convenience of writing the ensuing development. Note
that as r ~ 0, the expression (28) is undefined. On physical ground, however, the displace­
ments must be finite in that region. This condition will be improved later on.

To find the other potentials 10 and 12, equations (l7) and (18) suggest the following
relation involving the special solution introduced in (28), i.e.,

010 A cos el2
(l- 2v)I2 - oy = 2" -;;:-1m[g(O]' (30)

In equations (28) and (30) the function g(O as well as the constants C t and A are yet to be
found. Solving equations (22) and (30) simultaneously and utilizing equations (26) and (28)
yield

{ fy sin el2 }
+(l-2v) t/!(x,y,z)-c t ro Im[g'(mdy

and

010 {(l-2V)RJa }
oy = 4J.l1t2(I-v) +-H(1-2v)(3-4v)c l -2(1-v)A]

cos el2 { fY sin el2 }
x~lm[g(O]+(1-2v)2 t/J(x,y,z)-c i ex:; ~Im[g'(mdY

in which g/(O = (d/dOg(O and the following notations have been adopted:

t/!(x, y, z) = RI(ol- 2 {YZ tan - I (~i2_~~~=-X)])
4JlJt2(1- v) p p

-(2a)t Im[(0(2X-(0)-t In(J(r+X)j~(2X-(0»)]}

(0 = [(]o=o = x+a+iz.

(31a)

(31b)

(32)
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Integrating equation (31b) with respect to y between the limits 00 and y and applying the
results

f y cos el2 Im[g'«()] dy = ~1 1m fY g(t) dt
'" Jr J2 '" J(t-(o)

fy . R {z _t(J[2a(r-X)])
t/J(x,y,z)dy = yt/J+ 2(1 ) -tan

'" 4J.tn - v p p

it is found that

+(1-2v)2[yt/J+ Rz tan-t(J[2a(r-X)J)
4J.tn2(1- v)p p

+J~Im s: g(t):t(t-(0+2X)-t dt } (34)

(35)

The remaining boundary condition to be satisfied is equation (lOa). Imposing this con­
dition on equation (34) results in

[(l-2v)c -A]Joo g(t)dt = _ (1-2v)RJact
t (0 J(t (0) 2J.t(1-v}n -0

which is a standard integral equation of the Abel type [5] and thus the function g«() is
readily determined as

provided that

1
g(O = ( (36)

(37)

The expressions for the potentials 10 and 12 can be simplified further by defining a constant
c2 via the relation

(38)
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Upon substituting equations (36-38) into equations (31a) and (34) the following expressions
are derived

fo(r, e, z) 2 z[ Rz _1(2(ar)t sin e/2) ,I,J
(1- v) Z(1) tan + y,/,

4J.tn; -v P p

+~Im[J(r-X) + y(2x-(o)-t In(J(r+X)+J(2X-(o»)J
~ ~-~ ~

(39)

and

fz(r, e, z) CzCO)~/2 Im(~) +(1- 2V){ljJ(x, y, z)

_~ Im[ J(r+x) (2x-( )-t In(J(r+x)_~_~!X-(o»)]} (40)
J2 (2x-(o) ° J(

where IjJ is defined in equation (32). The final step in the analysis is to obtain another
expression relating c, and Cz . This may be done by imposing the regularity condition on
the displacements as r ~ O. Inserting equations (26), (28), (39) and (40) in equations (2) and
(3) and carrying out the expansion for small r, making use of equation (38) and retaining
the lowest-order terms, it is found that the displacements near the crack edge become

C, +cz z sin e/2
Ur = ---r- Z z [3-4v+(7-8v)cose]+O(rO) (41a)

2y r a +z

C1+cz z cos e/2
Uo = -2I Z Z [3-4v-(5-8v)cosO]+O(rO) (41b)

yr a +z

Uz = O(rO). (41c)

The finite displacements requirement at the crack edge gives

(42)

(43)

It follows from equation (38) that
vRJa

C, = -Cz = -2J.tn;z(l-v)(2-v)

and the solution is complete. The physical quantities of interest may be readily computed
from equations (2H5) when the appropriate expressions for the harmonic functions jn
equations (26), (28), (39), (40) and (43) are used.

STRESSES NEAR CRACK EDGE

The shear stresses across the surface 0 = 0 are computed from equations (4b) and
(4c) as

4vRJa z(x+a)
't"rJr, 0, z) = - n;Z(2 _ v) (x)t[(x + a)Z + ZZ]Z

RJa (2-3v)(x+af+(2+ v)ZZ
't"oz(r,O,z) = - n;Z(2-v) (x)t[(x+a)z+zzF

(44a)

(44b)
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Equations (44) may be expressed in the standard form as

k2 0
Tre(r, 0, z) = .J2x+O(x ) (45a)

(45b)

The stress-intensity factors for the edge-sliding and tearing modes of crack extension are
expressed in terms of the non-dimensional parameter z* = z/a through the relations

k
2

= _ 4.J(2)R(_V_) z*
nat 2-v(1+

(46a)

(46b)

The variations of these equations with z* are shown in Figs. 2 and 3 for various values
~~ .

z/a

FIG. 2. Variations of k 2 along crack border.
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CLOSURE
The problem of determining stresses and displacements in a three-dimensional elastic

solid with a semi-infinite plane crack is reduced to the finding of four distinct harmonic
functions. The surfaces of the crack are deformed by the application of concentrated
shears (R) parallel to the rectilinear boundary as shown in Fig. 1. The analysis reveals that
none of the Papkovich-Neuber potentials appearing in the general solution of the
equations of equilibrium can be neglected. Indeed, all of the four functions are needed to
satisfy the appropriate boundary and regularity conditions in the problem.

Methods of integral transforms involving the Macdonald function (the so-called
Kontorovich-Lebedev transforms) as well as singular solutions of Laplace's equation in
three dimensions are employed. The results presented here coupled with the solutions of
Uflyand [1] complete the construction of the Green's functions for the semi-infinite crack
problem and pave the way for immediate application in a number of problems of interest
in fracture mechanics.
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APPENDIX
The Kontorovich-Lebedev transform of a function 4>(x) is defined by the formula

A fOO 4>(x)
4>(t) = - Ki,(x) dx,

o x
(47)
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where </J(x) is assumed to be of class L 2 in the interval [0, 00 ] and Kit(x) is the Macdonald
function which is a solution of

d
2
y I dy ( t

2
)

dx2+~ dx - l- x2 Y = O. (48)

Assuming that [</J(x)J/x is continuously differentiable and x</J(x) and x(d/dx) ([</J(x)] Ix}
are absolutely integrable in [0, roJ then the inverse of equation (47) is given by

2 SOO ~</J(x) = 2 </J(t)Kit(x)t sinh(nt) dt.
n 0

Further details may be found in [I].
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(49)

A6cTpaKT-B pa60Te I1ccnej:(yeTcli 3aj:(a'la ynpyroro I1HBepTHoro Tena, B KOTOpOM HaXO,lJ,HTCJI

nony6ecKoHC'lHali nnOCKali TpeWHHa, nO,lJ,BCplKeHHali ,lJ,eHCTBHlo COCpC,IJ,OTO'leHHbIX C,IJ,BliroB, napan­

ncnbHblX K KpalO TPCWliHbl.)],aeTcli peWCHliC B 3aMKHyToM Bli,lJ,C, licnonb3Yll 'leTblpC rapMOHI1'leCKI1C

<!>YHKI.\I1H. OHO y,lJ,OBJlCTBOplieT KOHC'lHOMy nepeMCWCHl110 11 cl1HrynlIpHocrn B HanplllKCHHH, 06paTHO

nponopI.\liOHanbHoH KBa,lJ,paTHoMy KOpHIO, Ha KpalO TpCWHHbI. npHBO,lJ,lITCli llBHble BblpalKCHlill B

BHj:(C 3neMeHTapHblx $YHKI.\liH ,lJ,nll pacnpe,lJ,enCHHlI HanplIlKeHHH H nepeMeweHHH B TBep,lJ,OM Tene. OHH

nony'leHbI nyTeM npl1MCHCHHlI I1HTcrpanbHblX rrpc06pa30BaHllH <!>ypbC II KaHTOpOBll'la-lle6e,lJ,eBa H

HeKOTopbIX CHH-rynllpHbIX peweHHH ypaBHeHHH llannaca B TpeX pa3Mcpax. YKa3bI-BaIOTClI rpa$Il'lCCKH

Jl3MCHeHJllI JlHTCHCHBHOCTli nonlI nOKaJlbHblX HarrplilKeHH" B,IJ,OJlb rpaHHUbI TPCWJlHbl.


